Topological quantum phase transitions can be reflected by the sudden jump of certain physical response functions. Typical examples include the plateau transition in the integer quantum Hall systems accompanied by the jump of Hall conductance and the transition between quantum spin Hall state and normal insulator state featured by the jump of the two-terminal conductance. In this work, we demonstrate that the piezoelectric response can also change discontinuously across a topological quantum phase transition in two-dimensional time-reversal invariant systems with spin-orbit coupling. We study all gap closing cases for all 7 plane groups that allow non-vanishing piezoelectric tensor and find that any gap closing with 1 fine-tuning parameter between two gapped states changes either the Z2 invariant (characterizing the quantum spin Hall phase) or the "locally" stable valley Chern number (characterizing the valley Hall phase). The jump of the piezoelectric response is found to exist for all these transitions, and we propose the HgTe/CdTe quantum well and BaMnSb2 as two potential experimental platforms. Our work suggests the piezoelectric response as a new experimental approach to probe the topological quantum phase transition and understand its universal behavior.
I. INTRODUCTION
The discovery of topological phases and topological phase transitions has revolutionized our understanding of quantum states of matter and quantum phase transitions 1-3 . Two topologically distinct gapped states, characterized by different bulk topological invariants, cannot be adiabatically connected, and if the system continuously evolves from one phase to the other, a topological quantum phase transition (TQPT) with the energy gap closing must occur. Such TQPT is normally, though not always, evidenced by the sudden jump of certain physical response functions. For example, in the system exhibiting the integer quantum Hall effect, the states at two adjacent Hall plateaus have different topology 4 , and the TQPT between them, called the "plateau transition" 5 , changes the Hall conductivity by e 2 h with e the elementary charge. In the two-dimensional (2D) time-reversal (TR) invariant systems, the quantum spin Hall (QSH) state and normal insulator (NI) state are topologically different 6 , and the TQPT between them is reflected by the change of the two-terminal conductance by 2e 2 /h. In 3D TR invariant systems, the TQPT between the strong topological insulator phase and the normal insulator phase can be detected by measuring the jump of the magnetoelectric coefficient in appropriate experimental configurations [7] [8] [9] [10] . Besides serving as the direct signature of the TQPT, the jump behaviors of physical response can be analyzed to reveal the critical exponents and universality behaviors of the TQPT 5 . Therefore, identifying new physical response that is connected to the TQPT is vital for our understanding of topological states of matter.
The physical response of our interest is the piezoelectric effect, which describes the electric charge response induced by the applied strain. To the leading order, the strain is given by the tensor u ij = (∂ xi u j + ∂ xj u i )/2 with u the displacement at x, and the piezoelectric effect is characterized by the piezoelectric tensor (PET). PET was originally defined to relate the change of the the charge polarization P with the infinitesimal homogeneous strain, which reads 11
(1)
The modern theory of polarization [12] [13] [14] later identified the above definition as "improper" 15 due to the ambiguity of P in crystals, while the proper definition adds the adiabatic time dependence to u jk and relates it to the bulk current density J i that can change the surface charge:
With Eq. (2), the PET of an insulating crystal has been derived as 15, 16 
where the integral is over the entire first Brillouin zone (1BZ), and n ranges over all occupied bands. The F n ki,u jk term has a Berry-curvature-like expression F n ki,u jk = (−i) ∂ ki ϕ n,k |∂ u jk ϕ n,k − (k i ↔ u jk )
with |ϕ n,k the periodic part of the Bloch state in the presence of the strain 17 . The expression indicates an extreme similarity between Eq.
(3) and the expression for the Chern number (CN) 4 . It is this similarity that motivates us to study the relation between the PET and the TQPT. Despite the similarity, the topology connected to the PET is essentially different from the CN, since the PET arXiv:1910.08050v2 [cond-mat.mes-hall] 22 Oct 2019 can exist in TR invariant systems whose CNs always vanish. We, in this work, study the piezoelectric response of 2D TR invariant systems in the presence of the significant spin-orbit coupling (SOC) and demonstrate the jump of all symmetry-allowed PET components across the TQPT. In particular, we focus on the 7 out of the 17 plane groups (PGs) that allow non-vanishing PET components, including p1, p1m1, c1m1, p1g1, p3, p3m1, and p31m. The two-fold rotation C 2 or the 2D inversion restricts the PET to zero in the other 10 PGs 18 . Through a systematic study, we find that any gap closing between two gapped states that only requires 1 fine-tuning parameter (FTP) is a TQPT in the sense that it changes either the Z 2 index 1,2 or the valley CN 19 (VCN). Although the change of the VCN is "locally" stable 20 , we still treat the corresponding gap closing as a TQPT, since the two states cannot be adiabatically connected when the valley is well defined. All the TQPTs have no stable gapless phase in between two gapped phases, and thereby we refer to them as the direct TQPTs. All PET components that are allowed by the crystalline symmetry exhibit discontinuous changes across any of the direct TQPTs, showing the ubiquitous connection. Interestingly, when the gap closes at momenta that are not TR invariant, the strain tensor u ij acts as a "pseudo-gauge field" 21 at the TQPT, making the PET jump directly proportional to the change of the Z 2 index or the VCN.
Our work presents a general framework for the PET jump across the TQPT in 2D TR invariant systems with SOC. The relation between the PET and the VCN in the low-energy effective model has been studied in graphene with a staggered potential 22 , h-BN 23, 24 , and monolayer transition metal dichelcogenides (TMDs) XY 2 for X=Mo/W and Y=S/Se 24 . However, these works, unlike our systematic study, only considered one specific plane group (p3m1) around one specific type of momenta (K, K ). The relation between the PET and the Z 2 index were not explored yet. More importantly, these early works have not pointed out that it is the PET jump (well described within the low-energy effective model) that is the experimental signature directly related to the TQPT, while the PET itself at fixed parameters might contain a large non-topological background given by the high-energy bands. Besides, graphene and h-BN have neglectable SOC, and the four TMDs have a large gap, making them not suitable for the realization of our theory. We thereby propose two realistic material systems, the HgTe/CdTe quantum well (QW) and the layered material BaMnSb 2 , as potential experimental platforms. The Z 2 TQPT and PET jump can be achieved by varying the thickness or the gate voltages in the HgTe/CdTe QW or by tuning lattice distortion in BaMnSb 2 .
The rest of the paper is organized as the follows. A simple model for the PET jump for PG p1 is discussed in Sec. II, and the study on other PGs is in Sec. III. We study the realistic material in Sec. IV and conclude the work in Sec. V.
II. PET JUMP ACROSS A DIRECT QSH-NI TQPT
We start from a simple example of the TQPT that was discussed in Ref. [25] . They (in the example of our interest) considered the case with no crystal symmetries other than the lattice translation (PG p1) and focused on the gap closing at two momenta ±k 0 that are not TR invariant momenta (TRIM), as labeled by red crosses in Fig. 1(a) . The low-energy effective theory for the electron around k 0 can be described by the Hamiltonian of a 2D massive Dirac fermion 25
where q = k − k 0 , m is the tuning parameter for the gap closing at TQPT, and σ's are Pauli matrices. In the above Hamiltonian, the unitary transformation on the bases and the scaling/rotation of q are performed for the simplicity of the Hamiltonian; the latter generally makes q 1 , q 2 along two non-orthogonal directions. (See more details in Appendix. B 1.) The effective Hamiltonian at −k 0 is related to h +,0 by the TR symmetry. After choosing appropriate bases at −k 0 , the TR symmetry can be represented as T=iσ y K with K the complex conjugate, leading to
According to Ref. [25] , the TQPT between the QSH insulator and the NI (distinguished by the Z 2 index) occurs when the mass m in h ±,0 (q) changes its sign. The argument used to determine change of the Z 2 index was presented in Ref. [26] and is discussed below for integrity. Since there is no inversion symmetry in PG p1, the Z 2 index can be determined from the CN of the contracted half 1BZ, where the half 1BZ is chosen such that its Kramers' partner covers the other half. Specifically, the Z 2 index is changed (unchanged) by the gap closing if the CN of the contracted half 1BZ changes by an odd (even) integer. Without loss of generality, let us choose the half 1BZ to contain k 0 , as shown in Fig. 1(a) . Since h +,0 is a 2D gapped Dirac Hamiltonian, the CN of the contracted half 1BZ changes by ∆N + = −sgn(v x v y ) as m increases from 0 − to 0 + , featuring a direct QSH-NI TQPT as v x v y is typically nonzero.
We next discuss the piezoelectric effect in this simple effective model. To do so, we need to introduce the electron-strain coupling around ±k 0 based on the TR symmetry:
where the duplicated indexes, including a = x, y, z and i, j = 1, 2, are summed over henceforth unless specified otherwise. ξ's are the material-dependent coupling constants between the low-energy electrons and the strain tensor, which obey ξ a,ij = ξ a,ji with a = 0, x, y, z owing to u ij = u ji and are related to the electron-phonon coupling 27 . The full form of the effective Hamiltonian is then given by
To use Eq.
(3), we simplify Eq. (8) by neglecting the E 0 term, which has no influence on the piezoelectric response of insulators. (See Appendix. A for details). When ξ x,ij = ξ y,ij = 0, the Hamiltonian h ± has effective inversion symmetry within each valley, σ z h ± (−q, u)σ z = h ± (q, u), which forbids the piezoelectric effect. Thus, ξ 0,ij and ξ z,ij terms cannot contribute to the PET, and neglecting them leads to a further simplified version of Eq. (8)
where A pse
The above form suggests that the remaining strain terms, ξ x,ij and ξ y,ij , serve as the pseudo-gauge field 10, 21, 24, 28 A pse i that has opposite signs for two valleys ±k 0 . As the strain tensor only exists in the form of q i ± A pse i , the derivative with respect to u ij in Eq. (3) can be replaced by the derivative with respect to the momentum as 
where F ± 12 (q) is the conventional Berry curvature of the occupied band of h ± (q, 0). The superscript "eff " means that we neglect the contribution from bands beyond the effective model Eq. (8) , indicating that the above equation does not give the complete PET. Nevertheless, it can give the PET change across the TQPT since high-energy bands experience an adiabatic deformation and the corresponding background PET contribution should remain unchanged at the transition (m = 0). As m varies from 0 − to 0 + , Eq. (11) gives the change of PET ∆γ ijk as
The PET jump shown in the above equation is nonzero since v x v y and the electron-strain coupling ξ's are typically non-zero. We thus conclude that for p1 group, a jump of PET that is directly proportional to the change of the Z 2 index occurs across the TQPT, when the gap closes not at TRIM. The PET jump can be physically understood based on Eq. (2). Let first focus on one gap closing momentum, say k 0 . Since the strain tensor couples to the electron in a similar way as the U (1) gauge field as shown in Eq. (8) , u jk should act like a electric field on the electron. According to Eq. (2), γ ijk should then behave similarly as the Hall conductance, whose jump is proportional to the change of CN ∆N + . Now we include the other gap closing momentum −k 0 . Unlike the actual U (1) gauge field, the pseudo-gauge field given by the strain couples oppositely to the electron at the two gap closing momenta (Eq. (8)). The opposite signs of the coupling can cancel the opposite signs of the Berry curvature, and thus the contributions to γ ijk from ±k 0 add up to a nonzero value instead of canceling each other (like the actual Hall conductance required by the TR symmetry), leading to the non-zero jump in Eq. (14) .
III. CLASSIFICATION OF DIRECT 2D TQPTS AND PET JUMPS FOR 17 PGS

A. Methodology and Summary of Main Results
Sec. II discusses an example of 2D QSH-NI TQPT for the p1 PG and illustrates the main picture of the relation between the 2D TQPT and the PET jump. It is well-known that the crystalline symmetry imposes strong constraints on the PET 18 . Topological states in different space/plane groups have been classified based on the topological quantum chemistry [29] [30] [31] [32] [33] [34] [35] , the symmetry indicator [36] [37] [38] [39] , and other early methods [40] [41] [42] . On the contrary, only a small number of works 25, 37, 43 have studied the TQPTs, which have different gap closing forms for different crystal symmetry groups. In particular, a systematic classification of all gap closing cases for 2D PGs with TR symmetry and SOC has not been implemented. Therefore, we next present a systematic study on all gap closing cases in all PGs that allow nonvanishing PET. Before going into the details, we first discuss our methodology and summarize the main results.
Out of the 17 PGs, only 7 PGs (p1, p1m1, c1m1, p1g1, p3, p31m, and p3m1) allow at least one nonzero PET component (Sec. III B-Sec. III D). The other 10 PGs (p2, p2mm, p2mg, p2gg, c2mm, p4, p4mm, p4gm, p6, and p6mm) have vanishing PET, due to the existence of 2D inversion or two-fold rotation C 2 about the axis perpendicular to the 2D material, and thus we will only briefly discuss them at the end of this section (Sec. III E). For each PG with non-vanishing PET, we first classify the gap closing into different scenarios based on the symmetry and then, in each scenario, enumerate all gap closing cases that require 1 FTP (or equivalently has codimension 1) by constructing the symmetry-allowed low-energy effective Hamiltonian. Only these cases 44 can be direct TQPTs between two gapped phases, since (i) if 2 or more FTPs are required to close the gap, any two gapped states in the parameter space are adiabatically connected, and (ii) a case with 0 codimension means there is a stable gapless phase in between two gapped phases. We further demonstrate the topological nature of these gap closing cases by evaluating the change of certain topological invariant (either Z 2 index or VCN), and derive the corresponding PET jump.
To illustrate this procedure, let us take the PG p1 as an example. There are two gap closing scenarios for the PG p1 with TR symmetry: (i) four-fold degenerate band touching between the conduction and valance bands at the TRIM, and (ii) doubly degenerate band touching at ±k 0 with k 0 not a TRIM as discussed in Sec. II. There is no need to split either scenario into smaller cases, since the codimensions of scenarios (i) and (ii) are definite, 5 and 1, respectively 25 . (See Appendix. B 1 for more details.) Then, only the scenario (ii) can correspond to a TQPT, and as discussed in Sec. II, it indeed is a direct TQPT that changes the Z 2 index and leads to the PET jump.
Following this procedure, we discuss the other 6 PGs with non-vanishing PET in the Sec. III B,III C, and III D. The effective Hamiltonian in Sec. II is derived in a non-Cartesian coordinate system, which is not convenient for the generalization to other PGs with more crystalline symmetries. Thus, we re-derive the effective Hamiltonian in the Cartesian coordinate system, as given by (see
Here we only perform the unitary transformation on the bases of the Hamiltonian and do not rotate the momentum or the coordinate system. Correspondingly, the PET jump across the direct TQPT at m = 0 can be derived as
Eq. (13)-(14) resemble the conclusion in Sec. II and are useful for the discussion of the other 6 PGs with nonvanishing PET.
The main results of this section are summarized in Tab. I. We conclude that for the 7 PGs with nonvanishing PET, all the gap closing cases between two gapped phases with 1 FTP are direct TQPTs that change either Z 2 index or VCN, and they all induce the discontinuous change of the symmetry-allowed PET components. The details are shown in the following.
B. PGs p1m1, c1m1 and p1g1
In this part, we study three PGs, p1m1, c1m1, and p1g1, all of which are generated by a mirror-related symmetry U and the lattice translation. U is a mirror operation for p1m1/c1m1 and a glide operation for p1g1. The difference between p1m1 and c1m1 lies on the directions of the primitive lattice vectors relative to the mirror line, which is not important for our discussion here. Without loss of generality, we choose the mirror or glide line to be perpendicular to x, labelled as m x or g x , respectively. The glide operation is thus denoted as g x = {m x |0 1 2 }, where "0 1 2 " represents the translation by half the primitive lattice vector along y. The U symmetry in these PGs p1m1, c1m1, p1g1 p3 p3m1,p31m
GC with 1 FTP × × Fig A   TABLE I . Summary of PGs with non-vanishing PET except p1. "GC" is in short of gap closing, which refers to the gap closing between gapped states. If at least one gap closing case between gapped states with 1 FTP exists in the corresponding scenario, the figures that illustrate the gap closing momenta are referred to; otherwise, we fill in a "×". "Topo. Inv." labels the topological invariant changed by the gap closing, Z2 means the Z2 index and "VCN" means the corresponding case changes the VCN when the valley is well-defined.
three PGs requires γ xxx = γ xyy = γ yxy = γ yyx = 0, whereas the PET components γ xxy , γ xyx , γ yxx , γ yyy are allowed to be nonzero. For the symmetry analysis here, the PET behaves the same under the glide and mirror operations since u ij is considered in the continuum limit.
In order to classify the gap closing scenarios, we define the group G 0 for a gap closing momentum k 0 such that G 0 contains all symmetry operations that leave k 0 invariant. Since G 0 can include the TR-related operation, it can be larger than the little group of k 0 . Based on G 0 , we obtain in total 4 gap closing scenarios for these three PGs: (i) the gap closing at TRIM (G 0 contains T ), (ii) G 0 contains U but not T , (iii) G 0 contains UT but not T , (iv) G 0 contains no symmetries other than the lattice translation, which we refer to as the trivial G 0 . As summarized in Tab. I, the TQPT exists in scenario (iii) and (iv), which can lead to the jump of symmetry-allowed PET components.
Scenario (i): TRIM
In scenario (i), the gap closing requires 3 (5) FTPs for p1m1 and c1m1 if m x is (is not) in the G 0 . (See Appendix. B 2.) For p1g1, the TRIM (Γ, X, Y and M ) are split into two classes according to the value of g 2
x : Γ, X with g 2 x = −1 and Y, M with g 2 x = 1. The gap closing at Γ, X needs 3 FTPs since g x behaves the same as m x , while the gap closing at Y, M needs only 1 FTP if it happens between two Kramers pairs with opposite g x eigenvalues. However, such gap closing at Y, M is in between two g x -protected gapless phases with codimension 0, where the bands with opposite g x eigenvalues cross with each other at momenta other than Y, M as shown in Fig. 1(b) . Therefore, there is no direct TQPT between two gapped phases in scenario (i).
Scenario (ii):
The same situation occurs for scenario (ii). In scenario (ii), the gap closes at two different momenta ±k 0 that are invariant under the U operation, meaning that the bases at ±k 0 can have definite U eigenvalues. The gap closing between the two bases with the same U eigenvalues requires 2 FTPs, as discussed in Appendix. B 2. When the gap closes between two bands with opposite U eigenvalues, the system always enters a stable U-protected gapless phase with 0 codimension. (This case is not the same as the scenario (i) since only one side is guaranteed to be gapless.) Thus, the gap closing cases cannot be direct TQPTs.
In scenario (iii), the gap closing occurs at two different momenta ±k 0 that are invariant under UT , as shown by the orange dashed lines in Fig. 1 
(c) and (d).
For p1m1 and c1m1 (U = m x ), (m x T ) 2 = 1 suggests that we can have m x T=K at k 0 by choosing the appropriate bases and the band touching point at k 0 should typically occur between two non-degenerate bands. We further take T=iσ y K by choosing the appropriate bases at −k 0 , and thus the two-band effective models h ± (q, u) at ±k 0 can be given by Eq. (13) with extra constraints v 0 = ξ a1,xy = ξ a1,yx = ξ y,xx = ξ y,yy = 0 (15) for a 1 = 0, x, z. As a result, only 1 FTP m is needed for the gap closing (m = 0), and only one single Dirac cone exists in half 1BZ at the transition ( Fig. 1 (c) and (d)), leading to the change of the Z 2 index. Based on Eq. (14), the jump of symmetry-allowed PET components across this TQPT can be derived as
For p1g1 with U = g x , since (g x T ) 2 = 1 at (k x , 0) and (g x T ) 2 = −1 at (k x , ±π), we have two different gap closing cases. When the gap closes at (±k 0,x , 0), the algebra relation involving g x T is the same as m x T , e.g.
(g x T ) 2 = (m x T ) 2 = 1, and thus the effective Hamiltonian can be chosen to be the same as that for p1m1 and c1m1, leading to 1 FTP, Z 2 index change, and the same form of PET jump. On the contrast, due to (g x T ) 2 = −1 at (±k 0,x , ±π), the gap closing needs 4 FTPs and thus no TQPT can occur in this case. (See Appendix. B 2.)
Scenario (iv): trivial G0
In scenario (iv), the gap should close simultaneously at four momenta k 0 , k 1 = −k 0 , k 2 = Uk 0 , and k 3 = −Uk 0 , as depicted in Fig. 1(e ) and (f). The gap closing at k 0 can be described by the Hamiltonian h + (q, u) in Eq. (13), and the Hamiltonian at k 1 , k 2 , and k 3 can be given by
respectively. Therefore, the gap closing can be achieved by tuning 1 FTP, i.e. m in h + (q, u), in this scenario.
There is no change of Z 2 index for this scenario, since two Dirac cones exist in half 1BZ when the gap closes and the CN of contracted half 1BZ can only change by an even number. Nevertheless, scenario (iv) can still be "topological" in the context of VCN as elaborated in the following. Due to the Dirac Hamiltonian form shown in Eq. (13), the Berry curvature is peaked at each valley k 0,1,2,3 for a small m and can be captured by the electronic part of the corresponding effective Hamiltonian. Then, we can integrate the Berry curvature given by the effective model and get the VCN 19, 24 for each val-
The values of η i at different valleys are related by the TR and U symmetries, both of which flip the sign of the Berry curvature. Thus, we have η 0 = η 3 = 1 and η 1 = η 2 = −1. It should be pointed out that the Berry curvature integral is not over the entire 1BZ and the VCN at each valley thus does not need to be an integer. Nevertheless, the change of VCN across the gap closing is defined on a closed manifold and must be an integer number, given by ∆N ki = −η i sgn(v x v y ) as varying m from 0 − to 0 + . For the convenience of further discussion, we can define the VCN of the whole system 24 as N val = i η i N ki = −2sgn(v x v y )sgn(m), and the change of the VCN becomes ∆N val = −4sgn(v x v y ) = 4∆N + with the factor 4 for the four valleys. Therefore, if we restrict all the valleys to be far apart in the momentum space, the change of the VCN is a well-defined topological invariant and this gap closing scenario is a TQPT.
In principle, tuning parameters may merge different valleys at some high symmetry momentum, e.g. the valleys at k 0 and Uk 0 merged at the mirror or glide line. Therefore, without the constraint of well-defined valleys, two phases with different VCNs can share the same band topology and thus can be adiabatically connected. It means the topology characterized by VCN is "locally stable" 20 , though globally unstable. Nevertheless, we restrict all valleys to be well-defined in our discussion and refer to the gap closing scenario as a TQPT.
Next we study the change of the PET components at this TQPT, which can be split into two parts: ∆γ (0) originating from ±k 0 and ∆γ (1) given by ±Uk 0 . ∆γ (0) equals to Eq. (14) since the effective models at ±k 0 are the same as Eq. (13) . Owing to the mirror or glide symmetry, ∆γ (1) is related to ∆γ (0) as ∆γ
As a result, we obtain the non-zero jump of symmetry-allowed PET components ∆γ ijk = ∆γ
C. PG p3 PG p3 is generated by 3-fold rotation C 3 and the lattice translation. Owing to C 3 , the PET only has two independent components γ xxx and γ yyy as
Again, we classify the gap closing for p3 according to G 0 , resulting in three different scenarios:
Here we do not have a scenario for G 0 containing C 3 T but no T , since (C 3 T ) 3 is equivalent to T . As summarized in Tab. I and elaborated in the following, in any of the above scenarios, there are gap closing cases between gapped states that need only 1 FTP, change the Z 2 index, and lead to the discontinuous change of symmetry-allowed PET components.
Scenario (i):TRIM
There are 4 TRIM in scenario (i), namely three M points related by C 3 and one Γ point, as labeled in Fig. 2(a) . G 0 of each individual M point only contains T and the lattice translation, and thus the gap closing at M needs 5 FTPs, same as the gap closing at TRIM for p1.
When the gap closes at Γ point as shown in Fig. 2(a) , G 0 also contains C 3 with C 3 3 = −1. Due to [C 3 , T ] = 0, the Kramers pairs can be classified into two types according to the C 3 eigenvalues: one with (e −iπ/3 , e iπ/3 ) and the other with (−1, −1). The gap closing between the Kramers pairs of the same type requires more than 1 FTPs, 3 for (e −iπ/3 , e iπ/3 ) type and 5 for (−1, −1) type, as discussed in Appendix. B 3.
The gap closing with 1 FTP happens between the TR pairs of different types, for which the minimal four-band effective Hamiltonian in the bases (e −iπ/3 , e iπ/3 , −1, −1) reads
where h p3,0 is the electron part
and h p3,1 describes the electron-strain coupling
τ 's and σ's are Pauli matrices that label two different Kramers pairs and two components of each Kramers pair, respectively, m is the gap closing tuning parameter, and the bases are chosen such that T= − iτ 0 σ y K.
When v 1 = v 2 = 0, we can define an effective inversion symmetry P = τ z σ 0 for the electron part of Eq. (19), P h p3,0 (−k) P † = h p3,0 (k), and thus the gap closing of h p3,0 (k) with v 1 = v 2 = 0 changes the Z 2 index according to the Fu-Kane criteria 45 since the parity of the occupied band changes. The existence of non-zero v 1 , v 2 terms that break P cannot influence the Z 2 topology change, since (i) the Z 2 topology does not rely on the effective inversion symmetry, and (ii) no more parameters are allowed to be finely tuned so that the additional gap closing away from Γ is forbidden at m = 0. Therefore, the gap closing at m = 0 is a direct TQPT that changes the Z 2 index.
We next study the non-zero PET components, starting from the v 1 = v 2 = 0 case. If we further set ξ 3 = ξ 4 = ξ 5 = ξ 6 = 0, the electron-strain coupling h p3,1 also has the effective inversion P , leading to the vanishing PET. It means that ξ 1 and ξ 2 cannot contribute to the PET for v 1 = v 2 = 0. Indeed, the direct derivation gives the PET jump
For non-zero v 1 and v 2 , the PET components can be calculated numerically for v 3 = v 4 = v 5 = v 6 = 1eVÅ and ξ 1 = ξ 2 = ξ 3 = 2ξ 4 = ξ 5 = 2ξ 6 = 1eV , showing the jump across the TQPT in Fig. 1(b) .
The gap closing momenta in scenario (ii) are K and K in Fig. 2 (c). Since these two momenta are related by T , we only need to derive the effective model at one momentum, say K, and the other one can be obtained using T . At K, the C 3 symmetry has three possible eigenvalues −1, e ±iπ/3 due to C 3 3 = −1. If the gap closing is between two states with the same C 3 eigenvalues, it cannot be TQPT since the fixed gap closing momentum leads to 3 FTPs for the gap closing. (See Appendix. B 3.)
There are three cases for two states with different C 3 eigenvalues: (e −iπ/3 , e iπ/3 ), (e iπ/3 , −1), and (−1, e −iπ/3 ). The effective models in the three cases are equivalent since the representations of C 3 in these cases can be related to each other by multiplying a phase factor e ±i2π/3 . Therefore, we focus on the first case, of which the effective model at K (after an appropriate unitary transformation) is given by h + in Eq. (13) with
where a = 0 or z. Similarly, by choosing the appropriate bases at K such that T=iσ y K, the effective model at K is given h − in Eq. (13) 
where ∆N + = −sgn(v 2 ) = −1.
Scenario (iii): trivial G0
In scenario (iii), there are six gap closing momenta, labeled as ±k 0 , ±C 3 k 0 and ±C 2 3 k 0 , as shown by red crosses in Fig. 2(d) . The effective Hamiltonian at ±k 0 are exactly the same as Eq. (13) since the two momenta are related by T and no more symmetries are involved. Therefore, the gap closing scenario needs 1 FTP, and the contribution to the PET jump from the gap closing at ±k 0 is the same as Eq. (14), noted as ∆γ
The effective models at ±C 3 k 0 and ±C 2 3 k 0 can be obtained from those at ±k 0 by C 3 and C 2 3 operations, respectively, whose electronic parts are also in the Dirac Hamitlonian form. The contracted half 1BZ then contains three Dirac cones at the gap closing and its CN must change by an odd number, indicating the change of Z 2 index. Furthermore, the contributions to the jump of PET components from the gap closing at ±C 3 k 0 and ±C 2 3 k 0 are ∆γ
i j k , respectively, owing to the symmetry. As a result, the jump of independent PET components is given by ∆γ ijk = ∆γ
ijk , which has the nonzero form
D. PG p31m and PG p3m1
Both PGs p31m and p3m1 are generated by the lattice translation, the three-fold rotation C 3 , and a mirror symmetry which we choose to be m x without loss of generality. The difference between the two PGs lies on the direction of the mirror line relative to the primitive lattice vector: the mirror line is parallel or perpendicular to one primitive lattice vector for p31m or p3m1, respectively. C 3 and m x span the point group C 3v , which leads to
for the PET, and thus γ yyy serves as the only independent symmetry-allowed PET component. We classify the gap closing scenarios into 4 types according to G 0 : (i) G 0 contains T , (ii) G 0 contains at least one of the three mirror symmetry operations in C 3v (again labeled as U = m x , C 3 m x , or C 2 3 m x ) but no T , (iii) G 0 contains the UT but no T , and (iv) G 0 is trivial. As summarized in Tab. I, all gap closing cases between gapped states with 1 FTP change either Z 2 index or the VCN, and lead to the jump of symmetry-allowed PET components.
Scenario (i): TRIM
Similar as Sec. III C 1 for PG p3, there are four inequivalent TRIM: the Γ point and three M points. Although G 0 at the M point now contains U, the gap closing still requires 3 FTPs same as the corresponding case in Sec. III B 1, which cannot be a TQPT.
When the gap closes at Γ point (Fig. 2(e ) and (f)), the generators of G 0 besides the lattice translation are C 3 , m x and T , and there are still two types of Kramers pairs characterized by the C 3 eigenvalues as those in Sec. III C 1. Owing to the extra mirror symmetry here, the number of FTPs for the gap closing between the same type of Kramers pairs becomes 2 for (e −iπ/3 , e iπ/3 ) type and 3 for (−1, −1) type as discussed in Appendix. B 4. Therefore, we still only need to consider the gap closing between different types of Kramers pairs. For the convenience of the later material discussion, we choose the bases as (e −iπ/3 , −1, e iπ/3 , −1). One can always choose the TR symmetry and mirror symmetry to be represented as T= − iσ y τ 0 K and m x= − iσ x τ 0 . In this case, the effective Hamiltonian can be derived by imposing the m x on Eq.
The form of the Hamiltonian then reads
where
The above Hamiltonian shows that the gap closing at Γ needs only 1 FTP, which is m. As discussed in Appendix. B 4, this gap closing cannot drive a gapped phase into a mirror-protected gapless phase, and therefore can separate two gapped states. Similar to the discussion in Sec. III C 1, the gap closing changes the Z 2 index when tuning m from 0 − to 0 + , indicating a TQPT. When v 2 = 0, an analytical expression for the jump of independent PET component can be obtained from Eq. (22) and Eq. (27), which reads
With parameter values v 3 = v 6 = 1eVÅ and ξ 1 = ξ 2 = 2ξ 4 = ξ 5 = 1eV , the numerical results ( Fig. 2(g) ) for non-zero v 2 still show a PET jump across TQPT.
2. Scenario (ii): U ∈ G0 and T / ∈ G0 Scenario (ii) can be further divided into two classes depending on whether G 0 contains C 3 . When G 0 does not contain C 3 , the gap closing either requries more than 1 FTP or drives the system into a mirror-protected gapless phase with 0 codimension, similar to Sec. III B 2.
Only when the gap closes at K, K for p31m, G 0 contains C 3 . In this case, G 0 contains the group C 3v , which has one 2D irreducible representation (IR) and two different 1D IRs when acting on the states. The gap closing between the states furnishing the same IR requires 3 FTPs, similar to the case for two states with the same C 3 eigenvalue in Sec. III C 2. If the gap closes between the doubly degenerate states furnishing the 2D IR and a state furnishing a 1D IR, the system with a fixed carrier density cannot be insulating on both sides of the gap closing because the number of occupied bands is changed. If the gap closes between two states that furnish different 1D IRs, the mirror-protected gapless phase must exist on one side of the gap closing as the two states must have opposite mirror eigenvalues. Therefore, there is no direct TQPT between the insulating phases in scenario (ii).
Scenario (iii): UT ∈ G0 and T / ∈ G0
In scenario (iii), the gap closing cases are again divided into two different classes depending on whether G 0 has C 3 . We first discuss the class without C 3 , which happens for the gap closing at UT invariant momenta except K, K for p3m1. As shown in Fig. 2(h) and (i), the total number of inequivalent gap closing momenta is six, including ±k 0 , ±C 3 k 0 , and ±C 2 3 k 0 . Without loss of generality, we choose k 0 such that −m x k 0 is equivalent to k 0 . Then, the effective models at ±k 0 are the same as the corresponding models in Sec. III B 3, i.e. Eq. (13) with the parameter relation Eq. (15), indicating 1 FTP for the gap closing. Since the effective models at ±C 3 k 0 and ±C 2 3 k 0 are related to those at ±k 0 by C 3 and C 2 3 operations similar to Sec. III C 3, the jump of PET components can be derived by substituting Eq. (15) into Eq. (25), resulting in
Moreover, since three Dirac cones exist in half 1BZ when the gap closes, the Z 2 index changes at the gap closing, making it a TQPT. The class that G 0 includes C 3 can only happen when the gap closes at K and K for PG p3m1, as shown in Fig. 2(j) . We can choose C 3 and m x T as the generators of G 0 besides the lattice translation. Similar to Sec. III C 2, we first study K and derive the model at K by choosing the right bases such that T=iσ y K. The states at K can be labeled by C 3 eigenvalues, −1 and e ±iπ/3 given by C 3 3 = −1. Since (m x T ) 2 = 1 and C 3 m x T = m x T C −1 3 , the gap closing typically happens between two non-degenerate states, labeled by the C 3 eigenvalues as (λ 1 , λ 2 ), and we can always choose m x T=K. The λ 1 = λ 2 case cannot correspond to TQPT since 2 FTPs are needed for the gap closing as discussed in Appendix. B 4, while the λ 1 = λ 2 case requires only one FTP for the gap closing similar to Sec. III C 2. Since the matrix representations of C 3 and m x T are equivalent for the three choices (λ 1 , λ 2 ) = (e −iπ/3 , e iπ/3 ), (e iπ/3 , −1), and (−1, e −iπ/3 ), they have the same effective models and we only consider the first choice. With all the above conventions and simplifications, the effective models at K and K can be given by those for Sec. III C 2 with an extra constraint ξ y,yy = 0 brought by m x T . As a result, the Z 2 index does change when the gap closes, and the jump of PET components can be derived from Eq. (24) with the above extra constraint, which reads
Scenario (iv): trivial G0
In scenario (iv), the gap closes simultaneously at twelve inequivalent momenta, namely ±k 0 , ±m x k 0 , ±C 3 k 0 , ±C 3 m x k 0 , ±C 2 3 k 0 and ±C 2 3 m x k 0 in Fig. 2(k) and (l). The effective model around k 0 can be chosen as h + in Eq. (13) , and the models around other gap closing momenta can be further obtained by the symmetry. Although this gap closing scenario only needs 1 FTP, it cannot induce any change of Z 2 index since there is an even number (six) of Dirac cones in contracted half 1BZ. However, the gap closing can change the VCN when the twelve valleys are well defined according to III B 4, e.g. N k0 can change by ±1, and thus is a TQPT in the sense of the locally stable topology.
We split the change of PET components for this scenario into 3 parts: γ (0) from ±k 0 and ±m x k 0 , γ (1) from ±C 3 k 0 and ±C 3 m x k 0 , and γ (2) from ±C 2 3 k 0 and ±C 2 3 m x k 0 . Since the contribution to γ (0) contains two Kramers pairs that are related by m x , same as Sec. III B 4, γ (0) equals to Eq. (17) . C 3 symmetry then gives ∆γ
i j k , similar to Sec. III C 3. As the result, the total change of PET can be obtained from ∆γ = ∆γ (0) + ∆γ (1) + ∆γ (2) , which is propotional to the change of the VCN of the system
with ∆N val = 12∆N + .
E. 10 PGs with 2D Inversion or C2
The PET jump cannot exist in 10 PGs that contain C 2 or inversion, including p2, p2mm, p2mg, p2gg, c2mm, p4, p4mm, p4gm, p6, and p6mm. This conclusion can be drawn from the symmetry analysis of PET. Since both C 2 and inversion transform (x, y) to (−x, −y), γ ijk = −γ ijk is required for those 10 PGs, leading to the vanishing PET. Early study 20, 43 also shows that a stable gapless phase can exist in between the QSH insulator and the NI when C 2 exists. In this gapless regime, 2D gapless Dirac fermions are locally stable and can only be created or annihilated in pairs.
IV. MATERIAL REALIZATION OF PET JUMP
Based on the above classification of all the PGs, we provide two prototype models for the PET jump in the realistic material systems, namely the HgTe/CdTe QW and the layered material BaMnSb 2 .
A. HgTe/CdTe Quantum Well
It has been demonstrated 6,46 that the TQPT between the QSH insulator and NI phases in the HgTe/CdTe QW can be achieved by tuning the HgTe thickness d. Tuning applied electric field E was theoretically predicted as an alternative way to achieve TQPT 47, 48 , making the system an ideal platform to study the PET jump at TQPT. In this part, the stacking direction of the QW is chosen to be (111) instead of the well-studied (001) direction 49 , since the latter would allow a two-fold rotation that leads to the vanishing PET. Without the applied electric field, the (111) QW has the TR symmetry and the C 3v symmetries (generated by three-fold rotation along (111) and the mirror perpendicular to (110)); adding electric field along (111) does not change the symmetry properties. According to Sec. III D, we should then expect one independent symmetry-allowed PET component based on Eq. (26), which is studied through the effective model 6 in the following.
The electronic band structure of the (111) QW can be described by the 6-band Kane model with the bases (|Γ 6 , ± 1 2 , |Γ 8 , ± 3 2 , |Γ 8 , ± 1 2 ), as discussed in Appendix. C. The electric field E along (111) is included by adding a linear electric potential that is independent of orbitals and spins. In this electron Hamiltonian, there are two inversion-breaking (IB) effects, the inherent IB effect in the Kane model and the applied electric field, and we neglect the former for simplicity. Note that such approximation does not lead to vanishing PET even for E = 0 because the IB electron-strain coupling will be kept. We first discuss the inversion-invariant E = 0 case and focus on the PET jump induced by varying the width d. In this case, there are two double degenerate bands closest to the Fermi energy, namely |E 1 , ± and |H 1 , ± bands with opposite parities. With the method proposed in Ref. [6] , we find that the gap between two bands closes at the Γ point around d = 65Å as shown in Fig. 3(a) . The gap closing must be a Z 2 TQPT owing to the opposite parities of the two bands, and it belongs to scenario (i) in Sec. III D 1.
To describe this TPQT, we project the 6-band Kane model onto the bases (|E 1 , + , |H 1 , + , |E 1 , − , |H 1 , − ) via second order perturbation 48 and get the following 4band model
where the values of the parameters are listed in Tab. IV, k 2 = k 2 1 + k 2 2 , k ± = k 1 ± ik 2 , and k 1 and k 2 are the momenta along (1, −1, 0) and (1, 1, −2), respectively. Compared to the celebrated Bernevig-Hughes-Zhang model 6 , we have an additional k-linear term A 2 due to the reduction of the full rotational symmetry to C 3 rotation symmetry. In the Eq. (33), the TQPT shown in Fig. 3(a) occurs at m = 0. To show the jump of the symmetryallowed PET components at the gap closing, we need to introduce the electron-strain coupling h
(1) ef f based on the symmetry:
where u 2 = u 11 + u 22 and u ± = u 11 − u 22 ± i(u 12 + u 21 ). As mentioned above, this electron-strain coupling is in the most general symmetry-allowed form to the leading order of u ij , which definitely includes the IB terms, ξ 3 and ξ 4 . The Hamiltonian (33,34) equals to Eq. (28) with v 2 = 0 after neglecting the k 2 term and performing the following replacement
It means the PET jump should have the same form as Eq. (29) 
resulting in the PET jump as
which equals to Eq. (29) after performing the replacement Eq. (35) . Based on Eq. (36) and the parameter values Tab. IV and ξ 1,2,3,4 = 1eV (comparable to those in Ref. [24] ), we plot the γ 222 of the function of the width in Fig. 3(b) , which shows a jump around d = 65Å.
E-induced PET jump for fixed d
Now we study the TQPT induced by the applied electric field. The electric field can be included by adding the linear electric potential along (111) in the 6-band Kane model, as discussed in Appendix. C. We project the modified Kane model onto the bases (|E 1 , + , |H 1 , + , |E 1 , − , |H 1 , − ) via second order perturbation and get the following 4-band model
Compared with 33, the above Hamiltonian has three extra IB terms D 1,2,3 brought by the electric field. In fact, it is now in the most general symmetry-allowed form up to the second order of the momentum for the HgTe/CdTe QW along the (111) direction, as elaborated in Appendix. C. In addition, the parameter m (mass term) can also be controlled by electric field. In the contrast to (001) QW, the constant (k-independent) IB terms in Ref. [46] are forbidden in Eq. (38) by the C 3 symmetry.
To be concrete, we consider d = 62Å and numerically derive the E dependence of all parameters as listed in Tab. V. Based on the dependence of m on the electric field, we find the gap closing at Γ point happen at E ≈ 0.0136V/Å. Such gap closing still belongs to scenario (i) in Sec. III D 1 and is still a Z 2 TQPT since the extra IB term cannot influence the topology change. Since Eq. (34) is in the most general form, the electronstrain coupling for E = 0 still keeps the form of Eq. (34). With Eq. (38), Eq. (34), the parameter expression, and ξ 1,2,3,4 = 1eV comparable as those in Ref. [24] , we numerically plot the PET component γ 222 in Fig. 3(d) , showing the jump across the TQPT. The PET jump in Fig. 3(b) and (d) has the order 10 ∼ 100pC/m, and thus is possible to be probed by the current experimental technique 50 .
B. BaMnSb2
BaMnSb 2 is a 3D layered material that consists of Ba-Sb layers and Mn-Sb layers, which are stacked alternatively along the (001) direction (or equivalently z direction). The electrons in p x and p y orbitals of Sb atoms in the Ba-Sb layers account for the transport of the material. Since the tunneling along the z direction between the adjacent Ba-Sb layers is much weaker than the in-plane hopping terms, BaMnSb 2 can be treated as a quasi-2D material 51 . Therefore, we can only consider one Ba-Sb layer, whose structure is shown in Fig. 4(a) . Owing to the zig-zag distortion of the Sb atoms (solid lines in Fig. 4(a) ), the symmetry group that captures the main physics is spanned by the TR symmetry T and two mirror operations m y and m z that are perpendicular to y and z axes, respectively. The mirror symmetry m z does nothing but guarantee the z-component of the spin to be a good quantum number, allowing us to view the system as a spin-conserved TR-invariant 2D system with PG p1m1. Slightly different from the demonstration of Sec. III B, the mirror here is perpendicular to y instead of x, and thereby PG p1m1 now requires γ yyy = γ yxx = γ xyx = γ xxy = 0 and leaves the other four components as symmetry-allowed. Despite this superficial difference, the system is nevertheless a special (spin-conserved) case of Sec. III B 3 as discussed below. To describe this system, a tight-binding model with p x and p y orbitals of Sb atoms was constructed in Ref. [51] based on the first-principle calculation, and the form of the model and its electronic band structure are reviewed in the Appendix. D for integrity. This model qualitatively captures all the main features of the electronic band structure of BaMnSb 2 . The key parameter of the model is the distortion parameter α that describes the zig-zag distortion of the Sb atoms. When α is tuned to a critical value α c ≈ 0.86, the gap of the system closes at two valleys K ± = (π, ±k y0 ) near X along X − M in the BZ, as shown in Fig. 4(b) . This gap closing results in a TQPT between the QSH state and the NI state in one Ba-Sb layer, as confirmed by the direct calculation of Z 2 index (Fig. 4(c) ) according to expression in Ref. [52] . Compared with Sec. III B 3, the TQPT here has an extra conservation constraint on the z-component spin. In the following, we show that such constraint does not influence the conclusion that the gap closing induces the PET jump.
To analytically demonstrate the PET jump, we project the tight-binding model into the subspace spanned by two degenerate states at each gap closing point (valley). As discussed in Ref. [51] , the resultant effective model reads
, and the term with small coefficient has been omitted. E 1 and v 1 are given by the distortion, λ labels the SOC strength, and we choose E 1 < 0, λ > 0 without loss of generality. According to Eq. (39), the gap closing can be achieved by tuning the distortion parameter E 1 to E 1 + λ = 0, which changes the Z 2 index since only one Dirac cone appears in half 1BZ. To study the PET jump, we include the electron-strain coupling with the form h (1)
where N 1 = ξ xy (u xy + u yx ) and N i = ξ i,xx u xx + ξ i,yy u yy for i = 0, 2. It is derived from the symmetry consideration and the fact that the τ y term is valley-dependent and thus of higher order. Combining the above equation with Eq. (39), we obtain the non-zero PET jump
as E 1 is tuned from −λ + 0 − to −λ + 0 + . Therefore, the gap closing and the PET jump are consistent with the discussion in Sec. III B 3. We further numerically verify the PET jump induced by the gap closing using the tight-binding model. The main effect of the strain in the TB model is to change the hopping amplitudes among atoms 16, 53 , which can be modeled by performing the following replacement 53 to the hopping parameters:
, where t ab is the hopping parameter between atoms at r a and r b in the non-deformed case, and δ = r a − r b . β is the electron-phonon coupling parameter whose value for BaMnSb 2 has not been determined, and thereby we adopt the typical value β = 2 for the transition-metal dichalcogenides 53 to give a reasonable estimation of the PET jump. The jump of the symmetry-allowed PET components is found at the TQPT around α = α c in Fig. 4(d) , while the components forbidden by the symmetry stay zero.
V. CONCLUSION AND DISCUSSION
In conclusion, we demonstrate that for all PGs that allow nonvanishing PET, the piezoelectric response has a discontinuous change across the TQPT in 2D TR invariant systems with significant SOC. Potential material realization includes the HgTe/CdTe quantum well and the layered material BaMnSb 2 .
The early study on MoS 2 has demonstrated that the values of the PET obtained from the effective model might be (though not always) quite close to those from the first principles calculations 24 . Therefore, although our theory is based on the effective Hamiltonian, the predicted jump of the PET is quite likely to be significant and even the sign change of PET, such as the HgTe case discussed in Sec. IV A, might exist in realistic materials. The evaluation of the PET from the first principles calculations is left for the future works.
Although we only focus on two realistic material systems in this work, the theory can be directly applied to other material systems. For example, the calculations in Sec. IV A are also applicable to InAs/GaSb QWs, which share the same model as HgTe/CdTe QWs 54 . The QSH effect has also been observed in the monolayer 1T'-WTe 2 55-57 , but its inversion symmetry 58 forbids the piezoelectric effect. Therefore, a significant inversion breaking effect from the environment (such as substrate) is required to test our prediction in this system. While the SOC strength in graphene is small, it has been shown that the bilayer graphene sandwiched by TMDs has enhanced SOC and serves as a platform to observe TQPT 59, 60 , where the PET jump is likely to exist. The piezoelectric effect has been observed in several 2D material systems 50,61,62 , and therefore, the material systems and the experimental technique for the observation of the PET jump are both available. Since the PET jump is directly related to the TQPT, it further provides a new experimental approach to extract the critical exponents and universality behaviors of the TQPT, which can only be analyzed through transport measurements nowadays.
This work only focuses on 2D TR invariant systems with SOC, and the generalization to systems without SOC, without TR symmetry, or in 3D is left for the future. Another interesting question is whether the PET jump exists across the transition between states of different higher-order [63] [64] [65] [66] or fragile topology 33, 67 . We no-tice that the dynamical piezoelectric and magnetopiezoelectric effects can exist in polar metals and also possess topological origins 68 , and thus it is intriguing to ask how these phenomena behave in topological semimetals.
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We are thankful for the helpful discussion with Xi Dai, Shao-Kai Jian, Biao Lian, Xin Liu (2), which is equivalent to the derivation in Ref. [15] . The derivation is done with the natural unit c = = 1 and the metric (−, +, +).
To apply the linear response theory, we start from an action S that includes the electronic effective model and the leading order effect of the infinitesimal strain. Since the current is present in Eq.
(2), we should include the U (1) gauge field that accounts for the electromagnetic field. With the U (1) gauge field, the action reads
where k µ = (ω, k) µ , A µ and u ij and ψ follow the same Fourier transformation rule, G 0 (k) = [ω−h 0 (k)(1−i )] −1 is the time-ordered Green function without the electronstrain coupling, the chemical potential is chosen to be the zero energy, and M ij is the matrix coupled to the strain tensor u ij . To the leading order, the linear response is given by the following effective action
and the absence of the Chern-Simons term AdA is due to the T symmetry. With Eq. (A2) and (2), we can use the condition that u ij is uniform to derive the expression of the PET, resulting in
To further derive Eq. 
Define X µ = (ω, k i , u jk ) and then the above equation can be further transformed to
where µνρ is the Levi-Civita symbol. Integrating out ω in the above equation with the Wick rotation gives Eq.
(3). Although the derivation here is done for = c = 1, all the expressions of γ ijk and the resultant Eq.
(3) stay the same after converting to the SI unit as they carry the right unit for the PET in 2+1D.
Finally, we would like to discuss the effect of the identity term of h 0 in Eq. (A2) when h 0 is a two band model. In general, the Hamiltonian can always be split into the identity part and the traceless part as h 0 (k) = m 0 (k)1 + h traceless 0 (k). The eigenvalues of h 0 (k) then read m 0 (k) ± ε(k), where ±ε(k) are two eigenvalues of h traceless 0 (k) with ε(k) > 0 chosen without loss of generality. As the model is gapped and the Fermi energy (E = 0) is chosen to lie inside the gap, we have ε(k) > |m 0 (k)| ≥ 0. Since the poles of G 0 are at ω = [m 0 (k) ± ε(k)](1 − i ), integrating ω along (−∞, ∞) in f ij,µν of Eq. (A2) gives the same result as integrating ω along (−∞ + m 0 (k)(1 − i ), ∞ + m 0 (k)(1 − i )) owing to the absence of poles in between the two paths. As a result, we can directly neglect the identity term of a two-band insulating h 0 in f ij,µν of Eq. (A2).
When the gap closes at k 0 that is not a TRIM, the twoband model near the gap closing to the leading order of q = k − k 0 in general takes the form
, and the two bases of the above model account for the doubly degenerate band touching when the gap closes. Eq. (B1) determines the codimension for the gap closing scenario since the gap at −k 0 is related to that of Eq. (B1) by the TR symmetry. The gap of Eq. (B1) closes if and only if C x q x + C y q y + M = 0. We choose C x ×C y = 0 since it can be satisfied without finely tuning anything (or equivalently in a parameter subspace with 0 codimension). In this case, the gap closes when M lies in the plane spanned by two vectors C x and C y . Therefore, the codimension for the gap closing is 1 since only the angle between the vector M and the (C x , C y ) plane needs to be tuned. Next, we derive Eq. (5) and the electronic part of h + in Eq. (13), while the model at −k 0 can be derived by the TR symmetry and thus is not discussed here. Eq. (B1) always allows the q-independent SU(2) transformation, i.e. h(q) → U † h(q)U with U ∈ SU(2). Such transformation only changes the bases of the Hamiltonian but does not change the direction of the momentum or the coordinate system. Since σ behaves as an SO(3) vector under U , every SU(2) transformation U of the Hamiltonian is equivalent to an SO(3) transformation R of the vectors C i and M , i.e. C i → RC i and M → RM . Thus, by choosing appropriate U matrix, we can first rotate C x to the x direction and then C y to the xy plane, resulting in RC x = v x e x , RC y = v 0 e x + v y e y and RM = m 1 e x + m 2 e y + me z . As a result, Eq. (B1) is transformed to
Here C x × C y = 0 gives non-zero v x and v y . With a shift of k 0 by (m 1 /v x − v 0 m 2 /(v x v y ), m 2 /v y ), the model is further simplified to the electronic part of h + in Eq. (13) . Finally, we define the q x + v 0 q y and q y to be q 1 and q 2 , respectively, to get Eq. (5), which represents the most generic form of the Hamiltonian.
b. TRIM
In this part, we count the number of FTPs for the gap closing at the TRIM. Owing to the Kramers' degener-acy, every band at the TRIM is doubly degenerate, and we use the name "Kramers pair" to label the two states related by the TR symmetry. We consider the gap closing between two Kramers pairs |1, ± and |2, ± , where T |i, + = −|i, − can always be chosen by the unitary transformation. As a result, the mass term for the effective model at the TRIM reads
where the bases are (|1, + , |1, − , |2, + , |2, − ) and all parameters are real. Since the momentum is fixed at TRIM (−k = k + G with G a reciprocal lattice vector), none of the terms in the above equation can be canceled by shifting the momentum. Therefore, 5 FTPs are needed for the gap closing.
2. p1m1, c1m1, and p1g1
a. Scenario (i): TRIM If G 0 does not contain U, which can occur on the edge of 1BZ for c1m1, the situation is the same as the TRIM in Appendix. B 1, which requires 5 FTPs. When G 0 contains U, we should discuss the U = m x case (p1m1 and c1m1) and the U = g x case (p1g1), separately.
For p1m1 and c1m1, since m 2 x = −1, two states of one Kramers pair have opposite mirror eigenvalues ±i, labeled by m x |i, ± = ±i|i, ± . On the bases (|1, + , |1, − , |2, + , |2, − ), the effective model around the gap closing between two Kramers pairs can be given by Eq. (B3) with ∆ 1 = ∆ 2 = 0, since the bases with different mirror eigenvalues cannot be coupled by the mass terms. As a result, 3 FTPs are needed for such gap closing scenario.
For p1g1, g 2 x = −1 at Γ and X and the number of FTPs for the gap closing is thus the same as the above case, which is 3. At Y and M , g 2 x = 1 and two states of one Kramers pair have the same g x eigenvalue, 1 or −1. In this case, the gap closing between two Kramers pairs with the same g x eigenvalue needs 5 FTPs, which is the same as the TRIM scenario in Appendix. B 1. On the other hand, between two Kramers pairs with opposite g x eigenvalues, only 1 FTP needs to be tuned to close the gap at Y or M , since the off-diagonal terms (∆ 0,1,2,3 ) in Eq. (B3) are all forbidden.
b. Scenario (ii):
In scenario (ii), there are two gap closing momenta ±k 0 that are related by the TR symmetry. Therefore, we only need to consider one of them, say k 0 , to derive the number of FPTs for the gap closing. At k 0 , the states can be labeled by the eigenvalues of U. If the gap closing between two states with the same U eigenvalues, the effective model can be described by Eq. (B1) with |C x | = 0. The gap closes if and only if C y q y + M = 0, realizable by making two vectors M and C y parallel. Such realization needs 2 FTPs, e.g. the two components of the projection of M on the plane perpendicular to C y .
When the gap closes between two states with different U eigenvalues, the effective model along the U-invariant line (q x = 0) reads h(q) = E 0 (q y )+(m 0 +Cq y +B 0 q 2 y )σ z , which, by shifting the k 0,y , can be simplified to h(q) = E 0 (q y ) + (m + Bq 2 y )σ z . The gap for this Hamiltonian keeps closing when mB ≤ 0, indicating a stable gapless phase protected by U with 0 codimension.
In this scenario, we here only consider the (UT ) 2 = −1 case, where each band at the gap closing momentum is doubly degenerate. We can define the UT pair as the two degenerate states related by UT , in analog to the Kramers pair defined in Appendix. B 1. Similar as Eq. (B3), there are 5 mass terms for the gap closing between two UT pairs. However, the case here is different from the TRIM scenario in Appendix. B 1, since q x does not change under UT and thus the corresponding terms have the same form as the mass terms in Eq. (B3). One of the five mass terms can then be canceled by shifting k 0,x , resulting in 4 FTPs for the gap closing.
3. p3
a. Scenario (i):TRIM
We first discuss the gap closing at Γ between two Kramers pairs of the same type. If the bases have C 3 eigenvalues (e −iπ/3 , e iπ/3 , e −iπ/3 , e iπ/3 ), the mass term of the effective model is given by Eq. (B3) with ∆ 1 = ∆ 2 = 0 since the bases with different C 3 eigenvalues cannot be coupled, resulting in 3 FTPs for the gap closing. If the bases have C 3 eigenvalues (−1, −1, −1, −1), the effective model equals to Eq. (B3) that has 5 FTPs for the gap closing. Now we discuss the construction of the effective model for the bases (e −iπ/3 , e iπ/3 , −1, −1). The form of the effective model (19) is given by the tensor product of the bases in the same IR listed in Tab. II. Note that the matrix representation and the bases for the E IR are not Hermitian. It means given two copies of (E, +) or (E, −) IR, say (τ + (σ x −iσ y ), τ + (σ x +iσ y )) and (k x −ik y , k x +ik y ) furnishing (E, −) IR, the coefficients used for the tensor product can be complex, e.g.
Here we consider the gap closing between two states with the same C 3 eigenvalues at K or K . In general, the mass terms at one gap closing momentum are m x σ x + m y σ y + m z σ z . Since the gap closing momentum is fixed, none of the three mass terms can be canceled by shifting the momentum, and hence there are 3 FTPs for the gap closing. 4 . p31m and p3m1 a. Scenario (i): TRIM When the two Kramers pairs carry C 3 eigenvalues as (e −iπ/3 , e iπ/3 , e −iπ/3 , e iπ/3 ), the effective model equals to Eq. (B3) with ∆ 1 = ∆ 2 = 0 before considering m x , similar to the correspond case in Appendix. B 3. As m x= −iσ x for each Kramers pair, the ∆ 3 is also forbidden, resulting in 2 FTPs for the gap closing. On the other hand, if C 3 eigenvalues are all −1, the effective model equals to Eq. (B3) before considering m x , similar to the correspond case in Appendix. B 3, and including m x makes ∆ 2 = ∆ 3 = 0, leading to 3 FTPs for the gap closing.
The construction of the effective model for the bases (e −iπ/3 , −1, e iπ/3 , −1) is the same as that for the (111) HgTe/CdTe quantum well, which is discussed in Appendix. C. Next we show that the gap closing at Γ in this case cannot drive a gapped system to the mirror protected gapless phase. Since the three mirror lines are related by the C 3 symmetry, we only need to consider one of them, say k x = 0 that is invariant under m x . The eigenvalues along this line read E αβ = E 0 + α k y v 2 2 + β (m + α v 2 k y 2 ) 2 + k 2 y (v 2 3 + v 2 6 ) (B4) with α, β take ±. E ±β bands cross at Γ and belong to the same set of connected bands. The mirror eigenvalue of the E αβ band is −αi, and then the mirror protected gapless phase happens when E ++ crosses with E −− or E +− crosses with E −+ . Both band crossings require the same condition
since they are related by the TR symmetry. However, the above equation has no solution when m = 0 and v 2 3 +v 2 6 = 0. It can be seen from the inequality (a + b) 2 + c 2 + (a − b) 2 + c 2 > 2|b|, which holds unless c = 0 and |a| ≤ |b|. Therefore, without finely tuning more parameters to realize v 2 3 + v 2 6 = 0, a gapped system remains when the sign of m flips.
IR Expressions
A1, + τ+σ0, τ−σ0, u11 + u22 A1, − τ+σz, τ−σx, τ−σy, τ−σz E, + (τyσz − iτxσ0, τyσz + iτxσ0), (τyσx + iτyσy, τyσx − iτyσy), (−uxx + uyy − i(uxy + uyx), −uxx + uyy + i(uxy + uyx)) E, − (τ+(σx − iσy), τ+(σx + iσy)), (τxσz + iτyσ0, τxσz − iτyσ0), (τxσx + iτxσy, τxσx − iτxσy), (kx − iky, kx + iky) TABLE II. The irreducible representations (IRs) of C3 and TR symmetries. In A1 IR, the C3 eigenvalue of the bases is 1 and ± are parity under TR. "E, ±" label two 2D IRs, where the two components have the C3 eigenvalues (e i2π/3 , e −i2π/3 ) and transform as ±σxK under the TR symmetry. τ± = (τ0 ± τz)/2. b. Scenario (iii): UT ∈ G0 and T / ∈ G0
Here we discuss the case when the gap closes at K and K for PG p3m1 and between two states with the same C 3 eigenvalues. Before considering m x T , the mass terms at K are m x σ x +m y σ y +m z σ z since C 3 does not provide any constraints and the fixed gap closing momentum cannot be shifted to cancel any of them. Since m x T can be chosen as σ 0 K, m y is forbideen and the remaining two mass terms serve as the 2 FTPs for the gap closing.
Appendix C: (111) HgTe/CdTe Quantum Well
In this section, we provide more details on the derivation of (38) from the Kane model and the corresponding symmetry analysis.
Projection of the Kane Model
With bases (|Γ 6 , 1 2 , |Γ 6 , − 1 2 , |Γ 8 , 3 2 , |Γ 8 , 1 2 , |Γ 8 , − 1 2 , |Γ 8 , − 3 2 ), the 6-band Kane model that we use for the (111) quantum well without the electric field reads
where k = (k 1 , k 2 , k 3 ) with k 3 = −i∂ x3 , h Γ6 (k) = E c + 2 2m0 (2F + 1)(k 2 1 + k 2 2 ) + k 3 (2F + 1)k 3 σ 0 , 
, m 0 is the mass of the electron, and the IB effect is neglected. The electric field can be included by adding V e = −eEx 3 1 6 (C4)
to Eq. (C1).
Due to the spatial dependence of the parameters, we require the anti-commutation form of some k 3 -dependent terms, such as {k 3 , γ 2 }, to keep the Hamiltonian hermitian 69 . The quantum well considered has the structure Hg 0.3 Cd 0.7 Te/HgTe/Hg 0.3 Cd 0.7 Te, leading to the x 3 dependence of parameters X = E v,c , F, γ 1,2,3 as
(C5)
The numerical values of the parameters in Eq. (C1) are listed in Tab. III.
The effective models are derived according to Ref. [6 and 48] . We first numerically obtain the wavefunctions of E1, H1, LH1, HH2, and HH3 bands at k 1 = k 2 = E = 0, and project the remaining terms to the bases to get a 10 × 10 Hamiltonian. Then, we project the 10 × 10 Hamiltonian to the E1 and H1 bands with second order perturbation to get Eq. (33) and Eq. (38) . Keeping terms up to k 2 and E 2 order, the values of the parameters are listed in Tab. IV and Tab. V. 
Construction of the Hamiltonian based on symmetry
As discussed in Sec. IV A, the symmetry group of interest is generated by the three-fold rotation C 3 along (111), and the mirror m 110 perpendicular to (1,1, 0) and the TR operation T . With the bases (|E 1 , + , |H 1 , + , |E 1 , − , |H 1 , − ), those symmetry operations, according to the convention in Ref. [69] , are rep- 
where τ 's and σ's are Pauli matrices for E 1 , H 1 indexes and ± indexes, respectively. According to the symmetry representations, the matrix and momenta of the effective model can be classified as Tab. VI. From Tab. VI, the most general symmetry-allowed IR Expressions A1, + σ0τ0, σ0τz, k 2 1 + k 2 2 , u11 + u22 A1, − σxτ− A2, + A2, − σyτ−, σzτ0, σzτz E, + (σzτy, σ0τx), (σyτy, σxτy), (2k1k2, k 2 1 − k 2 2 ), (u12 + u21, u11 − u22) E, − (σzτx, −σ0τy),(σyτx, σxτx),(σyτ+, −σxτ+), (k1, k2) Hamiltonian without the electron-strain coupling can be derived to the k 2 order, resulting in Eq. (38) . As shown in Tab. VI, u ij behaves the same as the k 2 term, and thereby the electron-strain coupling has the same form as the k 2 term in Eq. (38).
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